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I .  INTRODUCTION
Electrons occupying states close to the Fermi surface are of 
prime importance in the study of metals .'  The e lectron ic  co n tr i ­
bution to the spec i f ic  heat,  Pauli spin s u s c e p t ib i l i ty  and the 
e le c t r ic a l  and thermal conduct iv i t ies  are p r in c ip a l ly  due to the 
electrons on the Fermi surface. The major contr ibution to the 
Knight s h i f t  also comes from the hyperfine in teract ion of the 
nuclear magnetic moment w ith  the spins of the electrons occupying 
states close to the Fermi le v e l .  The Knight s h i f t ,  a,  is given 
by the magnetic sh ie ld ing constant 
f  -  f_____ O -  I / or N
°  ~ f  M no pn pn=0
1 , 6F , ( | )
where f  is the observed NMR frequency fo r  a given nucleus situated  
in a metal and f  is the NMR frequency fo r  the same nucleus 
situated in a diamagnetic compound, F the free  energy, /ip the 
magnetic moment of the nucleus, and H the applied magnetic f i e l d .  
Knight et a l . 1 obtained the expression fo r  the Knight s h i f t  
considering only spin e f fe c ts  and in the l i m i t  of small magnetic 
f i e ld s .  Their  expression fo r  the cr is
\ h M  v , ( 2)
F
where is the paramagnetic spin s u s c e p t ib i l i t y ,  V the atomic
o
volume and <|ii)(0) | ^  , the conduction e lectron density averaged
over the Fermi surface and evaluated a t  the s i t e  of the nucleus.
2
Eq. (2) re la te s  the Knight s h i f t  d i r e c t l y  to the e lectron ic  wave
2
functions squared < | $ ( 0 ) L  ) The other phenomena dealing with
*-p A V
the electrons a t  the Fermi surface e i th e r  do not involve the 
e lectron ic  wave functions e x p l i c i t l y  or involve them in a very  
complicated way. The measurements of the Knight s h i f t  provides 
a d i re c t  t e s t  of the proposed e le c t ron ic  wave functions squared 
averaged over the Fermi surface.
Das and Sondheimer evaluated the Eq. (1) including the spin 
and the o r b i t a l  moments of the conduction electrons. Their  
expression fo r  the a is
O = -y (xd + Xp) > (3)
where >s the diamagnetic s u s c e p t ib i l i t y  of the conduction
2
electrons. They assumed ( | $ ( 0 ) ^  = 1 fo r  the case of the
F
free e lectrons and conjectured that  the o s c i l la to ry  Knight s h i f t
due to the o s c i l l a t io n s  in the density of  states at  the Fermi
3 ksurface might be observable. Kaplan and Rodriguez commented on 
the o s c i l l a t io n s  of  a.  Their  estimates show that the Knight s h i f t
if
o s c i l la t io n s  should be observable in f i e ld s  of the order of 3 x 10
Gauss and a t  temperatures of about 2° Kelv in.
Stephen's"* ca lcu la t ion  of this e f fe c t  shows that the major
contr ibut ion to the o s c i l la to ry  component comes from the diamagnetic
term of Eq. ( 3 ) ,  and fo r  free e lectrons,  the paramagnetic component
has no o s c i l l a t o r y  terms. The paramagnetic term exhib its
1
o s c i l la t io n s  whose amplitude increases as H2 with increasing H.
r
The amplitude of the diamagnetic term is independent of magnetic
f i e l d .  Dogopolov and Bystr ick,  using a general ization of the
e f f e c t iv e  mass approximation, arr ived a t  the same results as
those of Stephen concerning the f i e l d  dependence of the amplitude
of the o s c i l l a to r y  a.  Glasser^ considered the f i e l d  dependence
of the conduction electron ground state  wave functions also to be
a fa c to r  responsible fo r  the o s c i l l a to r y  Knight s h i f t .  His
theoret ica l  ca lcu lat ions agree with the experimental results in 
-  8t i n .  He has considered the f i r s t  order ef fects  of the l a t t i c e  
potent ia l  on the ground state  wave functions of the electrons  
as a function of magnetic f i e l d .  His theory does not apply to 
the present case of aluminum, since the condition for  observing 
the o s c i l l a t io n s ,  i . e .  u, «H »  V.,, is not s a t is f ie d .* O ft
9 10Recently the f i e l d  dependent studies in t in  and cadmium
have revealed that  a  o s c i l la te s  with the de Haas-van Alphen
frequency. The measurements of the o s c i l l a to r y  Knight s h i f t  a,
the average Knight s h i f t  o, the amplitude of the o s c i l la to ry
paramagnetic suscept ib i1 i t y  and the to ta l  paramagnetic
s u s c e p t ib i l i t y  can be used to determine the electron wave function
amplitudes in the o rb i ts  on the Fermi surface by using the re la t io n
°  *P < l « 0 ) | f  >AV '
F
2
where ( | $ ( 0) | E >0Ay is the electron wave function squared 
averaged over an o r b i t  on the Fermi surface.
Previous measurements of th is  kind have involved a point by 
point precis ion determination of the f i e l d  and the frequency of
the NMR resonance as a function of the external parameters.
Although th is  technique has been successful in s i tuat ions where
the changes in or are reasonably large,  i t  has not proved
12s u f f i c i e n t l y  sensi t ive  in other cases. In addit ion a continuous
measurement of a is necessary for  many metals where the dH-vA
spectrum becomes complex and must be subjected to a Fourier
analysis to determine the periods and the amplitudes. This can
only be done accurate ly  from a continuous output of the signal over
13a rather  wide f i e l d  range. The present experimental setup 
allows small changes in cr to be measured over a wide range of .  
magnetic f i e l d s .  The system can be used fo r  measurements of the 
changes in the frequency to f i e l d  re la t ionship  of an NMR l ine  
as a function of any other external parameter. such as temperature 
and.pressure.
M e t a l l i c  aluminum has been the subject of extensive inves t i ­
gations in recent years. As a matter of fac t  the f i r s t  measurement
] k
of the Knight s h i f t  was made in aluminum by W. D. Knight.
27The A1 isotope is 100% abundant having spin 5 /2  and i t  forms
in a face centered cubic s tructure ,  thus there is no quadrupole
s p l i t t i n g  of the NMR l in e .  The penetration depth of the radio
frequency f i e l d  in metals presents severe re s t r ic t io n s  on the’ NMR
measurements in m e ta l l ic  single c rys ta ls .  Recently Sagalyn and 
15Hofmann have observed the NMR absorption der iva t ive  in m e ta l l ic
1 g
single crysta ls  of aluminum and copper. Wil l iam and Jones 
made a pre l im inary  search fo r  the f i e l d  dependent Knight s h i f t  in 
single crys ta ls  of aluminum and t in  using a point by point
5
technique but obtained no reproducible e f f e c t .
In the present work, the f i e l d  dependent Knight s h i f t  is 
measured in a single crystal of aluminum!^ a t  1.1°K by using a 
f ie ld - f requency  locked NMR spectrometer. The measurements of the 
o s c i I l a to r y  Knight s h i f t  and the magnetic s u s c e p t ib i l i t y  are used 
to ca lcu la te  the e lectron wave function amplitudes of the y-ori>its  
on the th i rd  zone e lectron surface of aluminum.
I I .  THEORY
A . Magnetic f i e l d  dependence of the Knight s h i f t ;
To obtain an expression for the Knight s h i f t ,  the free  energy 
of the system must be determined. This involves the ca lcu la t ion  
of the classical  p a r t i t io n  function Z(y) . This is given by
Z(y) = Tr , y  = ~  ( 1)
where SC. is the Hamiltonian of the electron-nucleus system in the.  
presence of a magnetic f i e l d  H. The Hamiltonian may be w r i t te n  as
SC = SC + SC + SC + Mir) ( 2)e e-n n
where SC is the conduction electron pa r t  of the to ta l  Hamiltoniane :
and is w r i t te n  as
5Ce = k  m CE- |  A) 2 + 2 iiQ H-S (3)
The termK^ represents the in teract ion between the nucleus and 
the external f i e ld :
K  = u «H (4)n ^n —
This determines the basic NMR frequency. The term V(_r) is the 
periodic  l a t t i c e  p o te n t ia l .  The most important term fo r  the Knight
s h i f t  ca lcu la t ion  is SC . This represents the electron-nucleuse-n





( 6 . a )
In Eqs. ( 3 ) ,  (4) and ( 6) , A represents the vector potential which
electron; S, the spin of the electron; h q , the Bohr magneton;
contact in terac t ion  and is the major contr ibutor  to the Knight 
s h i f t .  The second part of 5Cp gives r ise  to the anistropy in 
the Knight s h i f t  and vanishes for the cubic c ry s ta ls .  The 
contr ibution of the diamagnetic term is small because the o rb i ta l  
momentum of the conduction electrons is quenched and the diamagnetic 
shield ing term is smaller compared to the Fermi contact in te r ­
act ion term.
where Z(E) is the inverse Laplace transformation of the classical
generates the external magnetic f i e l d ;  m, the mass of the
e, the charge of the electron; L, the o r b i ta l  angular momentum 
operator fo r  the electron and jtln > the magnetic moment of the 
nucleus.
In Eq. ( 6 .b) the f i r s t  part  of  K  represents the Fermi
P
The free  energy F is calculated using the expression
00
O (7)
p a r t i t i o n  function and is given by
z(E) = 2^ r J '  . dv eEy- ^  <8)c- i00 Y
f  being the Fermi-Dirac d is t r ib u t io n  funct ion ,  [ l+exp(E -£ )y ]  *; 
here £ is the Fermi energy.
In the l im i t  of small magnetic f i e ld s  and considering only 
spin e f fe c ts ,  the expression fo r  Knight s h i f t ,  a,  can be evaluated 
to f i r s t  order in fx^. This gives the Townes,. Herring and 
Knight's* expression for the Knight s h i f t :
< W ° ) I ef >av V (9)
Here Xp is the paramagnetic spin s u s c e p t ib i l i t y  of the conduction 
electrons and <|0 ( 0 ) |^ is the modulus square of the ground 
state  wave function at the nuclear s i t e  averaged over the Fermi 
surface.
2 'Das and Sondheimer have evaluated the expression for a
including both the spin and the o rb i ta l  moments of the conduction
electrons.  They obtain ,  fo r  f re e  electrons
O' = y  (Xp + Xd) (10)
where ' s diamagnetic s u s c e p t i b i l i t y  of the conduction
2
electrons. Here i t  is assumed th a t  ( | $ ( 0 ) | E ' ) AV V = 1. Further
F
they conjectured that Eq. (10) w i l l  be va l id  fo r  both the steady 
and the o s c i l la to ry  pa r t  of the s u s c e p t i b i l i t y  and that l a t t e r  
might be observed in the Knight s h i f t  experiments due to the 
quantizat ion of e lectron o rb i ta l  motion in a magnetic f i e l d .
3 bKaplan and Rodriguez drew a t te n t io n  to the osc i l la t io ns  in a
ar is ing from the per iodic  var ia t ions  of the e lectron ic  density  
of states in a magnetic f i e l d .
Stephen”* made a complete ca lcu lat ion  of the magnetic suscep­
t i b i l i t y  contr ibut ion  to the Knight s h i f t .  He calculated the 
free energy including the complete hyperfine interact ion in the 
scalar e f f e c t i v e  mass approximation. His results for  the para­
magnetic and diamagnetic components of a are
*  njr^2 / , \ n . , nrrm \
îrNh  kT i  00 m. ) cosVl *H 4
%  = ~ w ~  <■— E- * ) 2 s  — ;-----------------r - 2-------------  < " >
Co M0HC0"> n-1  nT sinh {a L H }
*  n-rrC
6n A * K T -  ( - ' )n  ' ( n ) c o s ( ^ ) s i n ( ^ )
° d  ~ S ------------------------------- j ---------- (1 2 )
W-o H n-1 sinh f nTT2kT}
1i  *H po
r*' ■Lwhere (N/V) is the f re e  e lectron density and l(n) = J d s [ s ( l - s ) ] 2
o ^0
sin(nffs) , which has been numerical ly evaluated by Glasser.
Eqs, (11) and (12) show that  the major contr ibution to ct comes 
from the diamagnetic term; and fo r  the mass of electron equal 
to the free  e lectron  mass, the paramagnetic component has no 
o s c i l la to r y  terms. The amplitude of the o s c i l la to ry  diamagnetic
term is independent of  the applied magnetic f i e l d .  The para­
magnetic term exh ib i ts  o s c i l l a t io n  whose amplitude increases as 
JL
H2 with increasing H. Stephen, in his calculat ions replaced the 
density of the conduction electrons averaged over the Fermi 
surface by the fa c to r  l / V ,  where V is the atomic volume. In
10
actual metals PpV may be s ig n i f ic a n t ly  d i f fe ren t  from un ity  and
su bst i tu t ion  of 1/V  in place of Pp probably underestimates the
size of a  . To take th is  into account the r ight hand side of  
P
Eq. (11) must be m ult ip l ied  by PpV. The modified form of ctr p
becomes
w
4?TN/l2kT i  “  ( - l ) nsin(-I® !-)cos(7r-3̂ - -5 )
ap = — yp2—  (— 55 *-) PpV L  ---------- f ...  (13?
«o MoH£0m n-1 s inh(n £ jS . )
m 0h
27T kTThe region of in terest  is where — —  < 1 , so that the f i r s t  terms
M0H
in the summation of Eqs. (1 2 ) ,  (13) is the most important. The 
amplitudes of a and o^ are then given by
%  ~ M ^ ) ( r > ? /2<^>i M*H i (pF'0  . c 1*)
H ^o m
* 2
^d 6 (|j) 7T 1(1) (15)
•̂o
18
where 1( 1) = 0 . 3 .
For numberical estimation,  the free electron density (N/V) can
19be evaluated from the expression fo r  the o s c i l la to ry  s u scep t ib i l ­
i t y  x:
~  _ 3 ffkT , Nv * , m \  s in (" lT  ~ f ,*
x " 2 3/2 * C°S( m J cinhf^kTx • (l6)H * 0  si nh(-p?T7-)
r'o
The r a t i o  of the Fermi energy and the e f fe c t iv e  Bohr magneton 
is re la ted  to the frequency v in Gauss of the de Haas-van Alphen 
osci 1 la t ions.  a r is ing  from a p a r t ic u la r  o rb i t  on the Fermi surface,
For an estimation of PpV, the re la t ion  connecting the 
average Knight s h i f t  a with the paramagnetic s u s c e p t ib i l i t y  is 
used:
a = y X p ( pFV) . (17)
The value of paramagnetic s u s c e p t ib i l i ty  Xp can be estimated 
from the measured values of the e lectron ic  s p e c i f ic  heat a t  
l iq u id  helium temperatures using the re la t ion
*p = 3<iE>2 Yc • 0 8 )
The constant y c ' s re lated to the e lectron ic  s p ec i f ic  heat 
C by the re la t ion :e
ce = Y j  . (19)
The known values of a  and Xp al low one to estimate the value of
(PpV) for a given metal from the Eq. (1 7 ) .  The correct amplitude
of o’ can be estimated by substitut ing the value of(P_V) in 
P h
Eq. (14) since a l l  the other quantit ies are known. S i m i l a r i l y
the amplitude of the diamagnetic term 3^ is estimated by
subst i tu t ing  the proper values of the appropriate quan t i t ies  in
Eq. (1 5 ) .  Though Stephen's calculat ion becomes almost complete
a f t e r  m u l t ip l ic a t io n  of the terms o by (Pr V ) , s t i l l  the
P
o s c i l l a to r y  character of the electron p ro b a b i l i ty  densi ty  has 
not been considered. Inclusion of th is  in to  tne ca lcu la t ion  
might expla in the ex is t ing  discrepancy between the theoret ica l
and the experimental amplitudes of a .
£
Dogopolov and Bystrik considered only the Fermi contact 
term of the hyperfine in terac t ion  Hamiltonian; consequently 
th e i r  considerations apply only to the paramagnetic shielding  
constant c^. Their  approach is semi-classical- and is a s l igh t  
general izat ion of the Stephen's e f f e c t iv e  mass approximation. They 
expressed the e f fe c t iv e  mass in terms of the local curvature of  
the Fermi surface. The f in a l  expression fo r  the o s c i l la t in g  
part of the Knight s h i f t  has the form
7t ,  , e ,  3 /2  *  r l A - l  l ’ i  v  M j * !a  2 -  ( ■ - ^ /H r I 1 I " 2 T  V
J  V2 'm n3/2
cos Sm(V   ̂ 1 r 2ffnŶ sin f-2m ^o *o
wi th
nX a . . _ f f c k T  SSm ^
~ s inh(n\)  "  efcH 3e
where S is the area of an extremal section of the Fermi surface,  
m
Y is the small phase correction equal to 1 /2  fo r  f ree  e lectrons,
C is the energy of the e lectron  and Pz is the Z component of
• c?Sm I .
the e lectron 's  momentum. The term represents thepz m ^
curvature of the Fermi surface.  I t  is equal to (2tt) 2 fo r  the 
case of a spherical surface. The amplitude of a  increases as
JL
H2 in Eq. (2 0 ) .  Dogopolov e t a l .  have obtained a numerical 
estimate of the amplitude of ct by comparing Eq. (20) to the
20
o s c i l l a t in g  part of the s u s c e p t i b i l i t y .  This gives
8m as (£) ,
"“t - V  i  r  . <* ' >
Since only the paramagnetic contr ibut ion  is considered here,  
th is  pa r t  of the Eq. (10) can be used to obtain
3S (£) ,~  nr 1
(22)
M0 (H/C) ° p
This expression can be used to estimate a  fo r  aluminum.
In the previous works, the o s c i l l a t o r y  behavior of o was
re la ted  to the s u s c e p t ib i l i t y  and f i n a l l y  to the behavior of
the density of states at the Fermi surface. Glasser^
conjectured that some f i e l d  dependence of c? might ar ise  via
2 ■the wave function factor  ( | $ ( 0 ) | p  of Eq. (9) which l ie s
outside the e f fe c t iv e  mass approximation. He obtained the
expression for the o s c i l la to ry  Knight s h i f t  by expanding the
free energy of the electrons in powers of the l a t t i c e  potent ia l  
iK* r ■V(x) = 2  Vi/ e  >n the near ly  f re e  e lectron approximation,
K
where K is a reciprocal l a t t i c e  vector .  The v a l i d i t y  of his
expression is l im ited to two regions of magnetic f i e l d  ( 1) weak
f ie ld s  where u H «  and (2) high f i e ld s  where a H »  V,. and o K *0  K
K ^ 2Kp, where Kp is the radius o f  the f ree  e lectron Fermi sphere, 
An o s c i l la to ry  behavior is obtained only in the high f i e l d  l i m i t .  
Glasser's theory does not apply to  the case of aluminum since
] k
the band gap between the second and th i rd  zones a t  the point K 
is more than an e lectron  v o l t .  To compare our experimental 
results with Glasser's theory a very high magnetic f i e l d  would 
be required. The magnetic f i e ld s  in the present case were not 
high enough to s a t is f y  the condition ptQ*H »  1/^*
B. The wave function squared of the electrons averaged 
over the orb i ts  on the Fermi surface.
The determination of the wave function squared of the
electrons averaged over the orbits  on the Fermi surface requires
the knowledge of o s c i l la to ry  density of states fo r  the o rb i ts .
This can be calculated from the experimental measurements of the
magnetic s u s c e p t ib i l i t y ,  using the expression for  i t  in terms of
the o s c i l l a t o r y  density of states.
21Falicov and Stachowiak have recently proposed a semi- 
c lass ica l  method fo r  ca lcu la t ing  the o s c i l la to ry  part  of the. 
magnetic s u s c e p t ib i l i t y  of a free electron gas. They have 
developed a Green's function formulation to ca lcu la te  the 
f i e l d  dependent density of states p (E ,H ) . This is used to 
ca lcu la te  th e ’ osci1la tory  part  of the free energy of the 
system.
The magnetic s u s c e p t ib i l i ty  per un it  volume of a free  
electron gas is given by the formula
v = - -L. iE .  (i)
x C2H 8H v '
where ft is the volume of the sample and H is the applied magnetic 
f i e l d .  The free  energy F of the system is
00
F « N£ -  kT J* p(E,H) £n { f  + exp (■£-“ ) } dE , (2)
where N is the tota l  number of the electrons, £ the Fermi energy, 
k the Boltzmann's constant and T the absolute temperature.  
In tegrat ing  Eq. (2) by parts,  we obtain
F « N£ -  kT D M l + e x p C j ^ ) }  L  p  (E ' .H )d E ' ]kT
-J* [ l + e x p ( - ^ ) ]  1 Jq p (E* ,H)dE'dE. ( 3)
o
E ■
Let J* p (E ' ,H )dE '  = Z ( E ' ,H ) ,  which represents the number of states  
o
below an energy E. To ca lculate  the f ree  energy of the system, 
the density  of states p (E ' ,H )  must be determined. The second 
term in Eq. (3) vanishes a t  both the l im i ts  and the f in a l  
expression fo r  the f ree  energy is
00
F = N£ -  J  f (E ,T )  Z(E',H)dE (.4)
o
Falicov- and Stachowiak introduce a Green's function G(£>j;o »t)
fo r  a wave packet i n i t i a l l y  localized a t  £  = _rQ, which spreads
out as the time evolves. The density of states is obtained
by Fourier  transforming the part  of the Green's function which
corresponds to those portions of the wave packet which returns
to r a f t e r  a given in terval  of time t .  The Green's function  —o
G(_r,_ro , t )  is approximated by a superposition of the wave packets
tha t  fo l low the semi-classical  electron t r a je c to r ie s  with phases
22determined by the Onsager ru le .  The wave packets are formed 
in the neighborhood of the Fermi surface and consequently y ie ld  
the o s c i l l a to r y  components of the density of s ta tes .  These 
states give r ise  to the de Haas-van Alphen e f fe c t  but do not 
include the co n tr ib u t io n ' to  the steady diamagnetism. Their  
expression fo r  that part  of the Green's function depending on
17
Gz(_ro ,j;o , t )  Y. exp cp. ( t - t . )  (5)
j
where Yj and cp̂. are the amplitudes and phase respect ive ly ,  
of that wave packet returning to _rQ a t  a time t  j . In general,  
cpj is given by the usual Onsager rule:
cpj = 0  aj ( k 2) -  cpjo ( 6)
where cp j  Q is a constant phase, independent of  H,
and a (k  ) is the area in k space swept by the wave packet j  
J z
when i t  returns to r at  time t . .  In the case of the free- o  j
electron gas, a l l  electrons being a t  _rQ a t  t  = 0 return to
■Co at
"  ^ 1  UL c
where ' t . i s  any posit ive  or negative in teger.
The ca lcu la t ion  of the f i e l d  dependent density of states is 
based on the following conditions.
( i )  A l l  energies are measured from the Fermi energy
i . e .  C c °> P(E-C) = P ( E) •
( i i )  F i r s t  an electron gas in two dimensions normal to  the
magnetic f i e l d  (along the Z d irec t ion )  is considered. The f i e l d
<
dependent density of states p (E ,H ,k  ) is determined and fromz z
th is ,  the three dimensionalAdensity of states is calculated  
using the re la t io n
18
L 0
P(E,H) = 2 § J  pz (E ,H ,kz) dk2 , (9)
where L0 is the dimension along the Z ax is .
3
21Falicov and Stachowiak's expression fo r  the two dimensional 
density of states is
I I m 't=+0°L i L offl *
p (E ,H ,k  ) = - i A -  E exp{i«L[/5a (k^)-A“ 1 E t . - i r ]  (10)
Z Z 7T n £=-co 1 1
The three dimensional density of states is obtained by 
subst i tu t ing  ( 10) into (9 ) :
i i i  £=+“
1 9 3 "*"°° 1
0̂SC^E,H  ̂ = r r  ^ J* exp{U[jte.(k )-ft‘  Et,-77]}dl< (11) 
277 fi lr= -CO .00
where is the volume of the system. Fal icov and
Stachowiak have solved fo r  the free  electron case using
2
a ̂  ( kz) = a | (0)+7Tkz . But a ](*<z) in Eq. (11) can be approximated 
close to the extremum by
S2a ( 0 ) 2
= M 0) + ^ --------2  ̂ kz1 Z 1 d k 2 2
2 ( 12)
s a ^ O )  + Y 1 *<z2
Here a^(0) is the extremal cross-sectional area of the Fermi 
surface and kz is the Z-component of the e lectron 's  momentum. 
Substi tut ion of a | ( k z) from Eq. (12) in to (11) gives
£=+“
P0SC(E .H )  £  ( -D ^ e x p E  I-t-CjSa, ( 0 ) - h _ l E t ,  +
277 h -tr3- 00
j3Y'l<z2] }  dkz . (13)
In te g ra t io n  of  Eq. (13) (see Appendix l )  gives
posc(E>H) (14)
The o s c i l l a t o r y  p a r t  of  the f ree  energy is obtained by the 
s u b s t i tu t io n  of Pq£q(^»H) ' nt0 the second p a r t  of the Eq. (4)
Fosc - - -370 /" f(E’T> T / ,  ( - » X
(t fl o o -t=l
c o s l X j S a ^ o M " ^ , )  - | } d E ' d E  . (15)
This  in tegra l  is evaluated in Appendix I I .
The f i n a l  form of  the f re e  energy is
F _ Qm ^  ( - l ) ^ “ 2 (i3v,T2 n ltT ] t] kT
Tt3 / 2 ti2 t e ]  (-tft111) 2 s inh(7r-t^“ 1t 1kT)
cosf'tjSa^ (0) -  -jp
- r f 3 / 2 i ( . i ) V 5 / 2 t - 2 ( , 4 ^ .  x
£=1 1 Sl \
cos{'ti8a1 (0) -  I p  0 ^ )
where
20
Eq. (16) d i f fe rs  from the expression of Falicov et  a ] ,  by a fac tor  
of 2 in the numerator. This extra  factor  of 2 in th e i r  expression 
is because they took into consideration the spin degeneracy twice.
To f ind the magnetic suscept ib i1i t y  we d i f f e r e n t ia t e  the 
f ree  energy of Eq. (16) w ith  respect to the f i e l d  H. Substitut ion  
of the result ing expression in to  Eq. (1) gives the o s c i l la to ry  
magnetic s u s c e p t ib i l i t y .  In an approximation which considers 
only one Landau level as being important (-1=1), one has
i t  -2/0 1 y> s in ( f ia , (0) -  t )  'kT , e  \ 3 / 2  1 / c \ ^ 1 v
Xosc — 9  (7 -,) • j n  •■<£> • "  ( ,7 )  ■
Y po sinh(— pp)
r 'O
w h e r e (——•) has been subst i tu ted in place of a . ( 0 ) .  This r a t io  ch * '  r 1'
(C/Mq ) can be w r i t te n  as 2v, v being the de Haas-van Alphen
frequency of o s c i l la t io n s  a r is in g  from the y -o rb i ts  which give r ise
to the o s c i l la to ry  magnetic s u s c e p t ib i l i t y .
23
In the case of aluminum for  the magnetic f i e l d  along the
[ 111] axis and in ( 110) p lane, there are s ix  orb i ts  contr ibuting
to the osc i l la t io ns  in the magnetic s u s c e p t ib i l i t y .  Therefore
the r ight  hand side of Eq. (17) must be m ult ip l ied  by a fac tor  of
s ix  for  the ca lcu lat ion of the o s c i l la to ry  magnetic s u s c e p t ib i l i t y
24ar is ing  from the y - o r b i t s .  The inclusion of the co l l is io n  into




by a factor  e x p { - ~ p ^ } ,  where X is the Dingle factor .  The f in a l
form of the XqSC is
ftwhere the phase factor  is replaced by a general phase factor  a. 
Eq. (18) is used to determine the c o e f f ic ie n t  of the quadratic 
v a r ia t io n ,  y 1. The o s c i l la to ry  density of  state Pq^q is obtained 
from the-ampl itude of Eq. (1 4 ) .
The average density of states p is calculated from the 
measured e le c tron ic  speci f ic  heat c using the re la t ion:
3ce
P = 2 2~  ‘
k T





< l * ( 0> l i F > AVV (2 0 )
where B is the resonant f i e l d  in the metal, B̂  is the resonant
f i e l d  in the reference compound and Xp >s t *16 paramagnetic
suscept ib i1i t y  of the conduction e lectrons. Eq. (20) is the
resu l t  of the summation over the single p a r t ic le  states of the
7
electrons a t  the Fermi surface. The general form of the a  is
0
1 2 0 
O = — 3—  E  k  ( 0) I 2 6(C-E (K ) )  , (21)
*  k,n k,n n
where if). ( 0) is the wave function of the electrons of wave vector  n
22
k and band index n evaluated a t  the nuclear s i t e ,  En(k) is the 
band energy of the electrons of wave vector k and band index n.
In the presence of high magnetic f i e l d s ,  where the Landau 
quantizat ion of the e le c t ron ic  states becomes appreciable , the 
extremal area o rb i ts  on the Fermi surface occuring in the above 
sum w i l l  give r is e  to an o s c i l l a to r y  component, a . The to ta l  
Knight s h i f t  may be w r i t te n  as
a + a = xp ( |$(°) | e ^AV V + T  *p^ I E-^OAV V ^22^
F F
2where < 10( 0) J  ̂ ) q ^  is the wave function squared of the electrons  
averaged over a p a r t ic u la r  o r b i t  on the Fermi surface and x^ is 
the o s c i l l a to r y  part  of the paramagnetic s u s c e p t ib i l i t y  due to 
the electrons in the same o r b i t .  From Eq. (2 2 ) ,  one may w r i te  ^




P0SC*0where the r a t i o —̂  can be w r i t te n  a s  . The o s c i l l a to r y
Xp P
density of states pQSC and the average density of s ta tes ,  p  
are given by the Eqs. (14) and (1 9 ) .  From the measurements of 
the o s c i l l a to r y  f i e l d  dependent Knight s h i f t  a,  the average Knight
Pqscs h i f t  a  and the r a t i o   , one can determine the values of the
P
wave function squared of the electrons averaged over p a r t ic u la r  
orbi ts  on the Fermi surface. Using the angular dependent 
o s c i l l a to r y  Knight s h i f t  one can measure the amplitudes of the wave 
functions of the electrons on the Fermi surface in a de ta i led
23
manner s im i la r  to the way the Fermi surface is mapped via the 
de Haas-van Alphen e f fe c t .
I I I .  FERMI SURFACE OF ALUMINUM
25
Heine has proposed a model fo r  the Fermi surface of aluminum.
His work was based upon studies of the de Haas-van Alphen e f fe c t
26in aluminum by Gunnerseri and experimental measurements of the
27 28anamolous skin e f f e c t  and low temperature sp ec i f ic  heat.
He performed the band calculat ions by using the orthogonalized
plane wave method to supplement the experimental information. He
has suggested that  pockets of electrons ex is t  in the second zone
and- that very small pockets of electrons ex is t  along the edges of
the th i rd  zone.
2q
Harrison's nearly  free  electron model was very successful 
in f i t t i n g  the general features of Gunnersen'.s e a r ly  dH-vA resu lts .
He proposed tha t  the f i r s t  zone is completely f u l l ,  that  the 
second zone contains a single closed surface enclosing about one 
hole per atom, and that  a m u lt ip ly  connected region ex is ts  in the 
th i rd  zone again ly ing along the edges of the zone but connected 
at  the zone corners.
30More recent ly  Aschcroft carr ied out four OPW ca lcu lat ions  
adjusted to f i t  two observed extremal cross-sections of the 
th ird  zone surface by Gunnersen. His results d i f f e r  from the 
previous models and give an excel lent  f i t  with the experimental data.  
Aschcroft's  model is consistent with both high f i e l d  frequency
2k
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FIG. l-b
and low f i e l d  frequency dH-vA data of Gunnersen. Fig. la shows
this model fo r  the th i rd  zone in the reduced zone scheme and
includes some o f  the symmetry points. An enlarged section of
the Fermi surface near the point W is shown in Fig. lb .
This model has been v e r i f i e d  by the dH-vA measurements of Larson 
23and Gordon. The complete th i rd  zone Fermi surface consists 
of three roughly square rings ly ing in the (100) planes. Half  
of two of these rings are shown in Fig. lb .-  The arms of the 
rings l i e  roughly along the [ 110] d i rec t io n  with the thickest part  
lying in the middle of the arm and centered at the symmetry point  
U, the center of  the zone edge. Three principal  types of extremal 
cross sections occur. In order of increasing minimum cross 
section, they are: (cu) the neck of the arm near the corner of the
ring, (/?) the nob a t  the corner of the r ing ,  and (y) the center  
of the arm. The a  and /S cross-sections are very near the zone 
corner W, while  the y  cross section is centered on the symmetry 
point U.
For an a r b i t r a r y  f i e l d  d i rec t ion  there w i l l  be several 
d i f fe re n t  cross-sections normal to the f i e l d  ar is ing  from each 
principal type of cross section. This occurs because the f i e l d  
makes d i f f e r e n t  angles with d i f fe r e n t  . [ l i o ]  d irect ions,  and gives 
rise to several d i f f e r e n t  dH-vA frequencies and a complicated pattern  
of beats. For the f i e l d  d i rec t ion  along the [ i l l ]  axis in a (110) 
plane, the a  and y  type extremal cross sections contribute to  the 
dH-vA o s c i l l a t io n s .  Furthermore, a l l  the periods ar is ing from 
y  type extremal cross sections and the periods ar is ing from the a
27
type extremal cross sections become degenerate along this  
p a r t ic u la r  d i rec t ion  as v e r i f ie d  by Larson and Gordon 
and the observed dH-vA os c i l la t io n s  pattern  comes from the 





Section A - A
FIG. 2
IV . EXPERIMENTAL TECHNIQUES
A. Sample Preparation
The single crystal specimen of aluminum was prepared from a
zone ref ined aluminum bar of quoted pur i ty  99-9999 % which was
31purchased from the Comico Products Incorporated. The resistance  
r a t io  of a piece of aluminum bar from the same place where the 
specimen was cut was found to be R300°K^R4.2°K ^  ^223- A p a r a l l e l -  
opiped shaped crystal of dimensions 13.5 mm x 11 mm x 6 .5  was cut 
out from the aluminum bar. Laue back re f lec t io n  p ic tures  were 
used fo r  or ien t ing  the c r y s ta l .  The cutting and planing of the 
crysta l  was done by spark erosion. The axes of the oriented
crysta l  are w i th in  the accuracy of ± 1°  and the f in a l  shape of the
i
crysta l  is shown in Fig. no. 2 with the axies [ l l l ] »  [ l i o ]  and 
[ l l O ]  perpendicular to the three faces. The crysta l  was X-rayed 
a t  d i f f e r e n t  points to e l im inate  the p o s s ib i l i t y  of the damaged 
port ions or having twin c rys ta ls .  The aluminum specimen was found 
to be a s ingle  crystal  a f t e r  etching in 10% hydro f luor ic  acid 
so lut ion  in water. In order to increase the in te n s i ty  of the NMR
s igna l ,  the surface area of the crystal must be increased and the
eddy current losses must be reduced. This was accomplished by 
cutt ing  the slots  on the opposite faces of the c rys ta l  having the 
dimensions 6.5  mm x 11 mm. These slots of ?  mm width and 2 mm apart  
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sheets of r igh t  dimensions were cut and inserted in the slots  
a f t e r  applying a th in  coating of Qrdope on the mylar sheets and 
without s tra in ing  the sample. This type of crysta l  preparation  
provided more e f fe c t iv e  surface area, low eddy current losses 
without cutt ing the crystal  into th in s l ices and gluing them 
together .  This was possible in the case of aluminum because of 
i t s  hardness as compared to many other metals.
A radio frequency coil  for  the NMR measurements was wound over 
a .025  mm th ick  sheet of mylar on a form having the same dimensions 
as the aluminum single  crystal  specimen and then transferred to' 
the c r y s t a l .  Copper wire of gauge no. 3^ in mult i strand form was 
used fo r  the c o i l .  This form of coi 1 provides the high Q, for  
the P-K-W r . f .  o s c i l l a t o r  and does not s t ra in  the sample. The axis  
of the coi l  was p a ra l le l  to the 13.5 mm edge of the c ry s ta l .
Another coil fo r  the measurements of dH-vA o s c i l la t io n s  in 
the magnetization was wound on a form over a .025 mm th ick  mylar 
sheet. This coil had 800 turns in m ult i layer  form and the single  
copper w ire  of gauge no. 40 was used. A th in coating of Qrdope 
was appl ied over every layer during the winding of the c o i l .  The 
co i l  was then slipped over the NMR coil on the crysta l  w i th  axis  
p a ra l le l  to the 11 mm edge. The axes of the two co i ls  were placed 
perpendicular to each other .
B. The Sample Holder fo r  the Measurements of a  and x
.The sample holder used for the measurements of Knight s h i f t  
CT and magnetic suscept ib i1 i t y  x is shown in F ig .  3. The single  
crysta l  of aluminum was placed in a bake l i te  holder which was
attached to a stainless steel tube of diameter. The upper end 
of the stainless steel tube was soldered to a brass disc to f i t  
over the top of the helium dewar. The height of the aluminum 
specimen was adjusted so that  i t  was in the most homogenous part 
of the magnetic f i e ld .  This placement was determined by recording 
NMR absorption der iva t ive  in a sodium solution sample and the 
posit ion of the sample was changed u n t i l  the NMR l ine  was strong­
est and of minimum width. The crys ta l  was held r ig id  by a phospher 
bronze spring soldered to a brass screw. One end of the NMR coil 
was soldered to the copper wire of gauge no. 28 and the wire was 
passed through the center of the s ta in less  steel .tube. This wire 
was held r ig id  coax ia l ly  by disc shaped te f lon  spacers and ceramic 
sleeves. F in a l ly  the w ire  was soldered to  a BNC connector which 
was made vacuum t ig h t  in the brass disc.  The mounting was done 
in such a way as to have the minimum possible stray capacitance 
while maintaining the Q. of the c i r c u i t  a t  the highest possible  
value. The other end of the NMR co i l  was soldered to the stainless  
steel tube for grounding. S i m i l a r l y ,  one end of the dH-vA coil  
was soldered to a copper wire of gauge no. 28 and passed through
the t r ia n g le  shaped te f lo n  spacers which kept the copper wire  at  
ka distance of -jr" from the s ta in less  steel tube. This copper wire 
was f i n a l l y  soldered to another BNC connector f ixed vacuum t ig h t  
in the brass disc. The other end of the coil  was grounded a t  the 
same place as the other c o i l .  I t  was desired to have the [ l io]  
axis of the crystal in the plane of  the D.C. magnetic f i e l d .
This was done by placing the'sample holder with  aluminum crystal in
33
a dewar l ik e  m e ta l l i c  container having a window at  the s i te  of 
the crys ta l .  The whole system was mounted on the X-ray machine 
and the [110] ax is  was made horizontal by taking the Laue back 
re f lec t ion  p ic tu res .  A f t e r  f ix in g  the crystal in th is  posit ion,  
the sample holder was transferred to the l iqu id  helium dewar fo r  
measurements.
C. Location of [ i l l ]  Axis and Determination of the Period of
de Haas-van Alphen O sc i l la t ions  Aris ing from the •y-Orbits
The output voltage of the dH-vA coil was fed into a f i e l d
32 33 34
modulation dH-vA spectrometer, * ’ The modulation frequency of
135 c/s was used fo r  phase sensit ive detection.  The fundamental
frequency was f i l t e r e d  by insert ing a twin-T a t  the input of
the phase sens i t ive  de tec tor .  The modulation f i e l d  HM was calcu-
27TFHm n
lated using the re la t io n  X  = — x—  , where F is the frequency of
H
dH-vA os c i l la t io n s  a r is in g  from the y - o r b i ts ,  H is the D.C. 
magnetic f i e l d  and X  is equal to 3.05 (a va lue .o f  X  at  which the 
f i r s t  maxima of Bessel funct ion ^ ( A )  occurs). The magnetic f i e l d  
was swept a t  the rate  of 400 Gauss per minute between 14 and 18 KG 
and the second d e r iv a t iv e  of the magnetization was recorded on 
an x-y  recorder. A complex beat pattern was observed due to the 
beating of various dH-vA frequencies a r is ing  from various orb i ts  
for the d i rec t io n  of the D.C. magnetic f i e l d  a t  an a r b i t ra ry  angle 
from the [OOl] ax is  of  the c rys ta l .  The d irec t ion  of the magnetic 
f i e l d  was changed slowly towards the [ l i o ]  axis and the dH-vA 
osci l la t ions  in magnetization were recorded fo r  every small 









fo r  an angle of 54 .5 °  from the [001] axis is shown in Fig. 4. The
period of the dominant o s c i l la t io n s  is found to be 2 .6  x 10**  ̂ G’ *
and i t  arises from the y - o r b i ts  on the th ird  zone Fermi surface
of aluminum. This d i re c t io n  is the [ i l l ]  axis of the crystal
where the periods become degenerate, and only the a  and y  type
orb i ts  contribute to the dH-vA o s c i l la t io n s  pattern as reported
23
by Larson and Gordon.
D. NMR l ine in the Aluminum Crystal and the Knight S h i f t  Using 
a Conventional NMR Spectrometer.
Since the discovery of NMR absorption in metals, the NMR 
experiments have been performed on a wide v a r ie ty  of metals and 
a l lo y s .  V i r t u a l l y  a l l  NMR work has been done on f in e ly  divided 
powders, th in  p o ly c ry s ta l l in e  f o i l s  or th in  evaporated fi lms due 
to the classical skin depth problem of radio frequency f ie ld s  in
good conductors. The f i r s t  NMR work on an aluminum powder was
' 14 15reported by W.D. Knight. Later  Sagalyn and Hofmann detected the
NMR absorption d e r iv a t iv e  in the single crystal specimens of
copper and aluminum. I t  is observed• that NMR absorption derivat ive
is proportional to ax' + bx", where x 1 is the dispersive part and
X" is the absorptive pa r t  of  the complex nuclear s u s c e p t ib i l i ty  x»
The co e f f ic ie n t  "a" is equal to zero for  a sample having one of
the dimensions small compared to the skin depth and the absorption
is proportional to xM alone. When dimensions of the sample are
larger than the skin depth, the r a t i o  = 1 and the absorption
depends upon the real and imaginary components of the complex
nuclear s u s c e p t ib i l i t y .  The dependence of NMR absorption on x 1 is
responsible fo r  a d is to r t io n  of the NMR l in e  shape. The re ad i ly
Bobservable measure of d is to r t io n  of the NMR l ine is the r a t io  ^
of the amplitudes of extrema of the der iva t ive  of an NMR absorption
Bl in e .  Sagalyn e t  a l .  found ^  to be 0 .6 .  Our requirements fo r  
the NMR absorption l in e  were a strong l in e  with minimum possible  
d is to r t io n .  This was essential since the NMR frequency of the 
P-K-W osc i1lator^* in the f i e l d  frequency locked NMR spectrometer 
was control led by the NMR absorption d e r iv a t ive .
To detect the NMR absorption l in e  in the aluminum single
13crysta l ,  the f ie ld - f re q u e n c y  locked NMR spectrometer was converted 
to a conventional NMR spectrometer by disconnecting the standard 
reference R.F. o s c i l l a t o r ,  the mixer, the frequency to voltage  
convertor.and the rat iometer .  The output of the phase sensi t ive  
detector was d i r e c t l y  recorded on the X-Y recorder. The voltage  
controls of the locking un i t  were used to obtain the proper NMR 
frequency of the P-K-W o s c i l l a t o r .  To measure the magnetic f i e l d  
at the surface of the aluminum c ry s ta l ,  a glass c a p i l la ry  f i l l e d  
with powdered aluminum mixed with Q,-dope was used. A coil  of copper 
wire no. kS in stranded form was wound around the c a p i l l a r y .  The 
inductances of the NMR co i ls  of the c a p i l l a r y  and the aluminum 
crystal were matched. The outputs of these co i ls  were taken out 
from the BNC connectors f ixed in the brass disc.  F i r s t  the NMR 
absorption d e r iv a t i v e  was recorded by keeping the frequency of the 
P-K-W o s c i l l a t o r  f ixed  and by sweeping the magnetic f i e l d  a t  the 
rate of 15 Gauss/minute. A time constant of 3 seconds fo r  the phase 





and the modulation f i e l d  of U Gauss were used. F i rs t  the NMR
l in e  in the aluminum crysta l  was recorded and then the glass
c a p i l la ry  was connected to the P-K-W o s c i l l a to r  through a re la y . .
Then, keeping the frequency the same, the NMR l ine was recorded.
The NMR frequency in the powder was used to calculate the magnetic
f i e l d  a t  the surface of the c ry s ta l .
The recorded NMR absorption der iva t ive  in the aluminum single
crystal a t  l . l ° K i s  shown in Fig. 5.  The measured ra t io  of the
amplitudes of extrema was found to be .82 and the l ine was quite
strong having a width of 7.5  Gauss.
The NMR absorption der ivat ives  were recorded in steps of 10
Gauss fo r  the magnetic f i e l d  range of 2 KG around 13 KG in the
d irec t ion  of 35° from [ 0 0 l ]  axis in (110) plane. The Knight s h i f t
fo r  each point was ca lcu lated by using the NMR frequency in an
A1C1  ̂ so lut ion.  The p lo t  of the Knight s h i f t  or versus magnetic
f i e l d  H showed a complex o s c i l l a to r y  pa t te rn .  This was due to the
beating of the periods a r is in g  from the d i f f e r e n t  orb i ts  on the 
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Fermi surface. The average Knight s h i f t  a  was found to be 0.162%.
The Knight s h i f t  CT was also measured fo r  the magnetic f i e l d  
direc t ion  along [ i l l ]  ax is  of the crystal  in (110) plane. The 
p lo t  of or vs H using point  by point technique is shown in Fig. 15.
E. Measurements of a  Using Field-Frequency Locked NMR Spectrometer.
F i r s t  the NMR absorption de r iva t ive  was recorded a t  1.1°K 
using the conventional NMR spectrometer and sweeping the magnetic 
f i e l d  a t  the rate of 15 Gauss per minute a t  the fixed frequency of  
the P-K-W r . f .  o s c i l l a t o r .  The frequency and f i e l d  corresponding
39
to the center of the NMR l ine  were determined. The true center  
of the NMR absorption l in e  was determined by shift ing the base 
l in e  to a posit ion  which would make the amplitudes of the extrema 
of the l in e  de r iv a t iv e  equal, thus bringing the apparent center  
to the true center of the absorption l in e .  The frequency of the 
P-K-W r . f .  o s c i l l a t o r  was monitored with  a Hewlett Packard 
frequency counter while recording the NMR l in e .  The s t a b i l i t y
5
of the P-K-W o s c i l l a t o r  was found to be be tte r  than 1 part  in 10 .
The standard' reference r . f .  o s c i l l a t o r ,  locking u n i t ,  mixer 
and rat iometer  were connected in the c i r c u i t  to transform the 
conventional NMR spectrometer into a f ie ld-frequency locked NMR 
spectrometer. The frequency and the magnetic f ie ld  were adjusted  
to be approximately at  the center of the NMR absorption l i n e .
The voltage a t  the input of the locking unit  was slowly changed, 
which subsequently changed the frequency of the P-K-W r . f .  
o s c i l l a t o r .  Keeping the magnetic f i e l d  constant, the NMR absorption  
was phase detected a f t e r  applying the modulation f i e l d .  The 
absorption de r iv a t ive  was monitored on the meter of the phase- 
s e n s i t iv e  detector .  When the center of the absorption d e r iv a t iv e  
was observed, the frequency sweep was stopped. The center of  the 
NMR absorption der iva t ive  was transferred to  the input of the  
locking u n i t  by increasing the resistance between the input of the 
locking un i t  and ground. The output of the ratiometer was 
recorded on the Mosley x-y recorder fo r  magnetic f i e l d  sweeps of  
100 Gauss each. The frequency of the P-K-W o s c i l la to r  was 
monitored during the period of sweep. The f ie lds  and frequencies
^0
s a t is f ie d  the resonance conditions a t  the beginning and a t  the end 
of each f i e l d  sweep. The recorded output of the ratiometer gave
the d i rec t  p lo t  of Knight s h i f t  a versus applied magnetic f i e l d  where 
cr is given as
or =
f - f o _ f-yH 
f o =
vf-vH
■The output of the ratiometer consists of the v o l ta g e - r : ------  ,
H
where is the voltage proportional to the NMR frequency and
is the voltage proportional to the applied magnetic f i e l d .
The s e n s i t i v i t y  of the recorder was adjusted to have a
compromise between signal and noise. The signal to noise r a t io
was found to be better  than 10. The period of the o s c i l la to ry
- 7 - 1Knight s h i f t  was found to be ~2 .6  x 10 G which is the same
as the period of dH-vA o s c i l la t io ns  in magnetization ar is ing
from the y -o rb i ts  of the th i rd  zone e lectron surface. The
-5amplitude of the o s c i l la t io n s  is found to be 2.15 -*■ .25 x 10 
and shows no dependence on the magnetic f i e l d  w i th in  the 
observed range of the magnetic f i e l d .  The sweep rate does not 
a f f e c t  'the amplitude of the o s c i l l a t io n .  This is shown fo r  the 
100 Gauss sweep beginning with 15.860 KG. The experiment was 
repeated several times fo r  each sweep to obtain the best locking
condition of the f i e l d  and frequency.
F. Measurements of X
To ca lcu late  the wave function squared of the electrons averaged 
over the orbits on the Fermi surface, the amplitude of the magnetic
f i e l d  dependent o s c i l l a to r y  Knight s h i f t  cr, the average Knight
s h i f t  a  and the f i e l d  v a r ia t io n  of the paramagnetic s u s c e p t ib i l i t y
X must be known. The x a r is in g  from the y-orbits  of the th i rd  
P P
zone Fermi surface of aluminum was measured a t  1 .1°K by using a
f i e l d  modulation dH-vA spectrometer.
Single crystal specimens of aluminum and cadmium each having
dimensions, of 18 mm x 11.5 mm x 1.5 mm were prepared by using
spark erosion fo r  cutt ing  and planing. Coils of copper wire of
gauge no. 40 having 40.0 turns were wound on both sampleswith
the axes of the co i ls  along the 18 mm edge of the c rys ta ls .
The cadmium sample was placed in the helium dewar a t  a
temperature of 1.1°K with the d i re c t io n  of the magnetic f i e l d  H
a t  an angle of 30° from the [0001] axis and in the (1010) plane.
The modulation f i e l d  HM was ca lcu lated a t  in terva ls  of 500 Gauss
" 2ttFHm
in the range of 14 to 17 KG using the r e la t io n  X - — 5—  » where
H
F is the frequency in Gauss of the dH-vA o s c i l l a t io n  observed for
th is  d irect ion of the magnetic f i e l d  and F has the value 0.571 *
10+^G. A value of 3.05 was used fo r  X in the calculat ions of H^.
The second d e r iva t ive  of magnetization with  respect to the
magnetic f i e l d  was recorded on a Mosley X-Y recorder by sweeping
the magnetic f i e l d  a t  the rate  of 400 Gauss/minute and keeping the
frequency of the modulation f i e l d  as 135 c /s .  The amplitudesof
the dH-vA o s c i l la t io n s  in the magnetization were measured at
in terva ls  of 500 Gauss fo r  the magnetic f i e l d  range of 14 to 17 KG.
These amplitudes for d i f f e r e n t  f i e l d  values were m ult ip l ied  by 
3
















s u s c e p t ib i l i t y  x >n a r b i t r a r y  un i ts ,  where P. is the period of
the dH-vA o s c i l l a t io n s .  The p lot  of amplitudes of x  vs H is
shown in F ig .  6 .
Measurements^of the dH-vA amplitude of the magnetic
s u s c e p t ib i l i t y ,  x» were made ( f o r  H a t  an angle of 30° from [0001]
axis in (1010) plane) on a crystal of cadmium by using a Faraday
type force magnetometer for  the range of f ie ld s  of 14 to 20 KG.
The dH-vA amplitudes in X measured in th is  case are from the same
o rb i t  as measured by the f i e l d  modulation dH-vA spectrometer
in a r b i t r a r y  un i ts .  The dH-vA amplitudes of the magnetic
s u s c e p t ib i l i t y  measured by the force magnetometer were used to
c a l ib ra te  the dH-vA amplitudes of the magnetic s u s c e p t ib i l i t y
measured by the f i e l d  modulation dH-vA spectrometer.
The aluminum sample was placed in the helium dewar a t  the
temperature of 1.1°K with the magnetic f i e l d  along the [ i l l ]  axis
in (110) plane. The axis of the coil  on th is  sample had the same
or ien ta t ion  w i th  the magnetic f i e l d  as in the case of the cadmium
sample. The modulation f i e l d  was calculated a t  in terva ls  of
500 Gauss in the range of 14 to 17 KG by using the re la t io n  
277FH
X = — 5—  , where F is the frequency of dH-vA o s c i l la t io n s  a r is in g  
H
from the y -orb itson the th i rd  zone Fermi surface of aluminum
+7
and has the value .384 x 10 G and a value of 3.05 was used fo r  
the X. The second d e r iv a t iv e  of magnetization with respect to 
magnetic f i e l d  was recorded by sweeping the magnetic f i e l d  a t  the 
rate of 400 Gauss per minute. The amplitudes of the dH-vA 
o s c i l la t io n s  in the magnetization were measured in steps of
44
500 Gauss fo r  the magnetic f i e l d  range of 14 to 17 KG. The
amplitudes fo r  the d i f fe r e n t  f i e l d  values were m u l t ip l ie d  by 
3
(P.H ) to obtain the amplitudes of dH-vA o s c i l la t io n s  of the
magnetic s u s c e p t ib i l i t y  in the same a r b i t r a r y  units as for  the
cadmium sample. The p lo t  of x vs H >s shown in Fig. 6 .
In both cases the second harmonic of the voltage induced in
the samples was recorded. The expression fo r  the amplitude of
the voltage induced in the dH-vA coil which is proportional to
2o 35
o s c i l l a to r y  magnetization is given by ’ ’
  ^ p f - W W n
v2 = AJ r - L n  n  sin <•¥ + 6) (1)
C'-e><P\ H P
where JgCX) = Bessel function of f i r s t  kind and second order
f  = dH-vA frequency in Gauss fo r  a p a r t ic u la r  o rb i t  on 
the Fermi surface 
K = known constant
Vc
m*= e f fe c t iv e  mass of electrons in a p a r t ic u la r  o rb i t
on the Fermi surface
6 = phase factor
n = no. of turns in the coi l
CO = modulation frequency
77 = f i  11 ing factor
X = Dingle factor  
23
The e f f e c t iv e  mass of the electrons in the y - o r b i t  of aluminum is
370.150 me> In the case of cadmium the e f f e c t iv e  mass of the . 
electrons in the o r b i t  contributing to  the o s c i l la t io n s  in the 
s u s c e p t ib i l i t y  ( f o r  H a t  an angle of 30° from [OOOl] axis and in
1 6 0 0 0  Gauss 1 7 0 0 0  Gauss
7
46
(1010) plane) is also .150 me . A l l  the other factors in the 
amplitude on.the r ight hand side of equation ( l )  were kept the 
same in both cases i . e .  T = 1.1°K, CO = Ztt x  135 c /s ,  n = 400,
J^CA.) = ^2 ( 3 .05 ) .  The Dingle fa c to r  X was assumed to be 0 .8  in 
both cases.
These measurements allowed the dH-vA amplitudes of the 
magnetic s u s c e p t ib i l i ty  of aluminum in a r b i t r a r y  units to be 
converted by the d i rec t  comparison with the dH-vA amplitudes in 
the magnetic s u s c e p t ib i l i ty  of cadmium.
Fig.  7 shows a recording of the second der iva t ive  of 
magnetization vs the magnetic f i e l d  fo r  the range 16 -  17 KG for  
the aluminum crystal with H along the [ i l l ]  axis in (110) plane.
The amplitudes of the o s c i l l a t o r y  curve were converted into 
absolute s u s c e p t ib i l i ty  units  using the ca l ib ra t io n  curves of 
Fig.  6. The magnetic suscept ib i1 i t y  x was determined a t  intervals  
of 20. Gauss on th is  curve.
This X vs H curve was used for.  the determination of the 
2
constant y x -  ^ f o r  the y - o r b i ts o f  aluminum. The amplitudes
&K
of the s u s c e p t ib i l i ty  and the corresponding f i e l d  values were 
punched on computer cards and used fo r  a non l inear  least squares 
f i t  to the magnetic s u s c e p t ib i l i t y  expression x with Dingle factor  
correction given as equation (18) in chapter M .b .  The constant 
y l is necessary for  the determinat ion of the o s c i l la to ry  density  
of states.
A l l  of the measurements of the Knight s h i f t  and the dH-vA 
amplitudes of magnetic s u s c e p t ib i l i t y  of cadmium and aluminum
. ^ 7
38
were made a t  a temperature of 1.1 °K using the Magnion magnet 
(model FFC4). This temperature was maintained by pumping on the 
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V. EXPERIMENTAL SET UP
1. Field-Frequency Locked NMR Spectrometer fo r  the Knight S h i f t  
Measurements.
An experimental setup was designed and constructed to measure
the small changes in Knight s h i f t  over a wide range of magnetic
13f i e l d  as reported in an e a r l i e r  paper. The block diagram of the 
spectrometer is shown in Fig. 8. This spectrometer consists of 
the following component parts:
Pound-Knight-Watkins radio frequency o s c i l l a t o r  
Radio frequency reference o s c i l la to r  
Locking un it  
Mixer
Phase sensit ive  detector
Audio signal generator,  power a m p l i f ie r
Frequency to voltage converter
Ratiometer
Frequency counter
Pound-Knight-Watkins Radio Frequency O s c i l la to r  
The Pound-Knight-WatkinS^(P-K-W) radio frequency o s c i l la to r  
used in the f ie ld - f requency  locked NMR spectrometer is shown in 
Fig .  9.  Essent ia l ly  this  o s c i l la to r  is the same which was used 
in the conventional NMR spectrometer fo r  the measurements of the
50
8 9fie ld-dependent Knight s h i f t  in t i n  except some s l igh t  changes. 
The o s c i l la to r  consists of high Q. voltage sensi t ive  diodes 
(var icaps) of type MV 1868 having Q. values from 200 to 300 in the 
tank c i r c u i t .  The frequency of the o s c i l l a t o r  was control led by 
the appl icat ion  of D.C. voltage on these varicaps. The use of 
f i v e  varicaps, which could be connected independently in the 
tank c i r c u i t ,  allowed a wide range of the o s c i l l a t o r  frequency for  
a given coil around the sample. The high pass f i l t e r  network 
in the sample coil  c i r c u i t  f i l t e r s  the inductive pickup from the 
modulation f i e l d .  The addit ion  of a 10 juf capacitor and a 100 £1 
res is to r  in series with the varicaps increased the s t a b i l i t y  of 
the o s c i l l a to r  without a f fe c t in g  the s e n s i t i v i t y .  The o s c i l l a to r ,  
r . f .  a m p l i f ie r ,  detector and audio a m p l i f ie r  stages are b u i l t  in 
well shielded compartments of the Aluminum chasis in order to 
minimize the r . f .  leakage and microphonic pickup. The o s c i l la to r  
was placed very close to the top of the dewar on a shock proof 
stand. The heater current was supplied by f res h ly  charged 6 v 
batte r ies  with low pass f i l t e r s  a t  the output to minimize the 
noise. The output of the locking un i t  was connected to the 
varicaps as shown in F ig .  9 .  The maximum s e n s i t i v i t y  of the 
o s c i l l a t o r  was obtained by using the two largest feed back resis tors  
and the r . f .  level was maintained.without any motor boating 
occurring. The r . f . ,  level was adjusted to an optimum value such 
th a t ,  i f  the frequency of the o s c i l l a t o r  is changed by 150 KC/sec, 
no change in the level takes place. To determine i f  the frequency 
of the o s c i l l a to r  was sensi t ive  to the changes in the applied
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magnetic f i e l d  due to the changes in the magnetoresistance of 
the sample, the frequency of the osci1lator was kept constant 
and the magnetic f i e l d  was swept over a range of 200 Gauss.
The frequency of the o s c i l l a to r  was monitored by a frequency 
counter and no change in the frequency was observed fo r  th is  range 
of magnetic f i e l d .  To check i f  the surface impedence in any way 
a f fe c ts  the NMR detection c i r c u i t  and hence the Knight s h i f t ,  
the magnetic f i e l d  was swept over a range, of 500 Gauss, no e f fe c t  
was observed with in  the accuracy of the experiment. Therefore  
the Knight s h i f t  o s c i l la t io n s  are in noway influenced by the • 
surface impedence. The frequency of the r . f .  o s c i l l a t o r  was 
monitored as a function of the voltage applied to the varicap.
A typ ica l  curve for voltage versus frequency is shown in Fig. 10. 
I t  was found that no appreciable change in the r . f .  level of the 
o s c i l l a t o r  takes place in the voltage region of  10 to  40 vo l ts .
The audio output of the P-K-W o s c i l la to r  was fed in to  a phase 
s ens i t ive  detector fo r  the detection of the NMR s ig na l .  The 
s t a b i l i t y  of the o s c i l l a t o r  was better  than 1 part  in 10.^
Radio Frequency Reference O sc i l la tor  
This is a standard radio frequency o s c i l l a to r  of General 
Radio Co. type no. 1211—A and capable of giving frequencies  
between .5 and 50 MC/sec. The s t a b i l i t y  of the o s c i l l a t o r  was 
found to be better  than 1 part  in 10.  ̂ The r . f .  level  was 
control led by an external switch for  maximum s e n s i t i v i t y  around 
the working frequency. This o s c i l la to r  was used as reference fo r  
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c i r c u i t  fo r  beating with the r . f .  frequency of the P-K-W 
o s c i l l a t o r .
Locking Unit
S t a b i l i t y  o f  the resonance condition has been a major problem
in high resolut ion NMR spectroscopy due to d r i f t s  in magnetic f i e l d .
A major improvement in the s t a b i l i t y  of the electromagnet was
39made by the in troduction of the "feedback s ta b i l i z e r "   ̂ now
commercially a v a i la b le .  This device in e f fe c t  increases the time
constant of the system and averages out the fast  f luc tua t ions
due to the current v a r ia t io n s .  For d r i f t s  of longer periods, a
provision was made to introduce compensating d r i f t s  manually. 
i+0Baker et  a l .  superstab i l ized  the electromagnet by a feedback 
loop, which uses the nuclear magnetic resonance signal as the 
error  voltage to dr ive the frequency of the r . f .  o s c i l l a t o r .
The f i e l d  f lu c tu a t io n s  produce frequency variat ions such that  
Larmor condition, is preserved fo r  very short and very long times.
Zf 1
Pound et  a l . contro l led  the NMR frequency using a magnetic f i e l d
by phase locking a C-W o s c i l l a t o r  to the super-regenerative
o s c i l l a t o r  and the resu lt ing  signal followed var ia t ions in the
frequency of the NMR owing to the var ia t ions of the'magnetic f i e l d .  
k2Feldman coupled the magnetic f i e l d  with the marginal o s c i l l a to r  
through a simple e le c t r i c a l  feedback c i r c u i t ,  which consisted 
of two co i ls  of 10 mh each and a res is to r .  The magnetic f i e l d  
modulation and the phase sensi t ive detection were used fo r  
detecting the NMR l in e .  The output of the phase sens i t ive  detector  
was used as an e r ro r  s igna l ,  which was applied to the voltage
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sensit ive capacitor HC 7001 in the tank c i r c u i t  of the o s c i l l a t o r .  
By choosing the r ight  p o la r i ty  of the e r ro r  s ignal,  any d r i f t  in 
the magnetic f i e l d  changes the frequency of the o s c i l l a to r  and 
the f ie ld - frequency re lat ionship is maintained. This sytem was 
s e l f  s ta b i l i z in g  and f i e l d  d r i f t s  of small magnitude correct the 
frequency of the marginal o s c i l l a t o r .
For the measurements of o s c i l l a to r y  magnetic f i e l d  dependent 
Knight s h i f t  in metals, the system must be capable of maintaining  
the NMR resonance condition fo r  changes in the magnetic f i e l d  of  
wide ranges. For th is  purpose the magnetic f i e l d  is coupled to 
the P-K-W o s c i l l a t o r  through an e le c t ro n ic  c i r c u i t  as shown in 
Fig. 11. Herea fter ,  th is  c i r c u i t  w i l l  be ca l led Lockinq U n i t .
This consists of a high gain D.C. a m p l i f ie r  (K in t te l  model 111F 
of maximum gain 1000), a 30 vo l t  ba t te ry  in the output of 
a m p l i f ie r ,  and RC f i l t e r  net works in the input and output stages 
of the a m p l i f ie r .  The diode and Zener diode (o f  breakdown voltage=  
60 v) were used in the c i r c u i t  fo r  sa fe ty  of varicaps. In the 
input stage of the a m p l i f ie r ,  two c e l ls  of 1.5 v each were 
connected through the R.C. f i l t e r  network and having a rough and 
a f in e  control for varying the input voltage of the a m p l i f ie r .
The other inputs of the a m p l i f ie r  are ,  a voltage VH proportional  
to the sweep of magnetic f i e l d ,  and the output of the phase 
sensit ive  detector .  The output of the locking un it  is fed to 
the varicap in the tank c i r c u i t  of the P-K-W o s c i l l a t o r .  The 
frequency of the o s c i l la to r  was contro l led  by the controls at  the 
input of the a m p l i f ie r .  The output of  the phase sensit ive detector
57
is fed into the a m p l i f ie r  through a 10K, 10 turn heliopot which 
had one lead grounded. This is the der ivat ive  of the NMR absorp­
tion and is used fo r  contro l l ing  the voltage of the varicap  
and hence the frequency of the P-K-W o s c i l l a t o r .  The other input- 
voltage was used to increase the range of control of the 
frequency of the P-K-W o s c i l l a t o r  by the magnetic f i e l d .  The 
gain of the a m p l i f ie r  was kept a t  50. I f  the gain was increased 
more than 50, then s e l f  o s c i l la t io n s  develop in the a m p l i f ie r  
and the whole system becomes unstable. The output of the a m p l i f ie r  
was continuously observed on the oscilloscope to check the noise 
voltage on the varicap which develops from the s e l f  o s c i l la t io n s  
of the a m p l i f i e r .
The f i e l d  and frequency were kept a t  the NMR condition  
(to = 7H) anc* frequency of the o s c i l la to r  was varied slowly  
by varying the f in e  voltage control at  the input of the a m p l i f ie r .
As the frequency passed through the resonance condit ion,  the 
absorption d e r iv a t ive  was observed on the meter of the phase
sensit ive  detector .  The center of the NMR l ine  was transferred
to the input of the locking un it  by slowly increasing the resistance  
between the input of the a m p l i f ie r  and the ground. For any change 
of the magnetic f i e l d ,  the center of the NMR l in e  s h i f t s .  This 
s h i f t  a f t e r  am p l i f ica t ion  changes the voltage over the varicap  
and hence the frequency of the P-K-W o s c i l l a to r  in such a way 
that resonance condition is always maintained. This was done by
monitoring the f i e l d  and frequency during the f i e l d  sweep.
+ 6  VOLT BAT. 
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The c i r c u i t  diagram of the mixer is shown in Fig. 12. The 
two outer stages and the R.C. f i l t e r  networks were used to reduce 
the coupling between the two input frequencies. The frequency 
of the reference standard o s c i l l a t o r  was kept constant while the 
frequency of the P-K-W o s c i l l a t o r  was swept over a certain  
range. I t  was found that  without the emitter  -  fo llower stages, 
the two frequencies interacted d i r e c t ly  and resulted in u n s t a b i l i t y  
of the P-K-W o s c i l l a t o r .  The output of the mixer was the 
difference between two input radio frequencies. The reference  
standard o s c i l l a t o r  was adjusted a t  a frequency such that output 
of the mixer was in Ki locycles.  range. The audio output was taken 
out through the low pass f i l t e r  and was fed into the frequency 
meter and d iscr im inator .
Phase Sensit ive Detector 
This is Model RJB se r ia l  no. 433 lock- in  am p l i f ie r  supplied 
by Electronics,  M iss i le s  and Communications In c . ,  Mount Vernon,
New York, has time constants ranging from .003 sec to 30 sec.
The time constants of 3 sec and 10 sec were used and the 
attenuators were adjusted fo r  maximum signal to noise r a t io  
without overloading. The reference input to phase sensit ive  
detector was the modulation frequency supplied from the audio signal 
generator. The input signal to the phase sensit ive detector was 
the audio output of  the P-K-W o s c i l l a to r  a f t e r  NMR l ine de tec t ion .  
The input of the locking un it  was the NMR absorption de r iv a t iv e
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In the form of a D.C. voltage which was taken across the R332 
4.3
res is tor  of the phase sensi t ive  detector in te rn a l ly .
Audio Signal Generator
This is the model 205 AG, Hewlett Packard Audio signal 
44generator used for  the modulation of the D.C. magnetic f i e l d
45
a f t e r  power am pli f ica t ion  by the McIntosh 75 power a m p l i f ie r .
The frequencies of 135 c/s and 270 c /s  were used fo r  the measure­
ments of dH-vA osc i l la t io ns  and NMR l in e  respectively.
Frequency to Voltage Converter 
This is a standard device supplied by the General Radio 
Company, Type 1142-A having s e n s i t i v i t y  of 1 c/sec. There was 
found to be a l inear  re la t ionsh ip  between the input frequency and 
the output voltage within the accuracy of our measurements.
Rat i ometer
This consists of D.C. operat ional am pl i f ie rs  with suitable  
power supplies,  the control c i r c u i t s ,  and the meter c i rc u i ts  
supplied by Heath K it  as the educational e lec tron ic  analog computer 
model CE-1, an assembly k i t .  The r a t io  of two D.C. voltages was 
obtained by the log, sign reversa l ,  summation, and anti log 
operations by connecting the capacitors ,  the res is tors ,  and the 
t ransistors  to the D.C. am p l i f ie rs  as shown in Fig. 13. The two 
voltage inputs to the ratiometer are and V^, where is the 
voltage proportional to the D.C. magnetic f i e l d  and is the 
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o s c i l la to r  and the standard o s c i l l a t o r .  The voltage Vu wash
obtained by re c t i fy in g  the output of a ro ta t ing  coil Gauss meter. 
To el iminate the A.C. noise, R.C. F i l t e r s  were connected in the 
input lead of the f i r s t  stage. The input voltages to the f i r s t  
stage are -V^ and and the output voltage is the sum of the
voltages -V^ and w ith  reversed p o la r i ty  (V^ -  V^). The second
and the th i rd  stages give the logarithms of the input voltages.  
These stages take advantage of the co l lec tor  current I versus 
emitter  -  base voltage Vg  ̂ c h ara c te r is t ic  curve of the N-P-N 
t ran s is to r  of type M2N3904 placed in p a ra l le l  to the D. C. 
operational a m p l i f ie r  along with  the capacitor of 100 p f .  The 
output voltage eQ of the second and th i rd  stages are proportional  
to the logarithm of the input current i .
,  I'.le = const, log —:—
°  'o
The sign of the voltage output from the second stage was changed
by the fourth stage and - lo g  (V^ -  V^) and +log (V^) were summed
in the f i f t h  stage. The output of the f i f t h  stage was fed into
the emitter  of the N-P-N t ra n s is to r  of type M2N3904. The
c o l lec tor  lead of the t ra n s is to r  gave the ant i  log of the input
voltage, which was am pli f ied  in the sixth stage, and the output
vf _ vH
was proportional to the v o l t a g e — -̂------ . I t  was found that the
H
co l lec tor  current was zero fo r  the emit tor base voltage up to  
.4  v o l t .  Since the output of the f i f t h  stage was a small vo ltage,  
a biasing voltage of .42 v was applied across base-emitter so 
that  the trans is tors  would be in the region above .4 v of the I
w
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vs V , ch arac te r is t ic  curve, eb
The x-y  recorder was used for a l l  data recording purposes
and the frequency counter of Hewlett Packard model 5261-A was
used fo r  monitoring the radio frequency. The magnet used was a
magnion model L-158, laboratory electromagnet. I t  was capable
of giving a magnetic f i e l d  up to 26 KG. The short and long term
f i e l d  s t a b i l i t i e s  were 1 mil l igauss (1 to 100 seconds) and 1 part  
£
in 10 of the operating f i e l d  (100 seconds to 60 minutes).
Operating Procedure 
The sample coil  was connected to the tank c i r c u i t  of the 
P-K-W o s c i l l a t o r .  The proper radio frequency of the o s c i l la to r  
was obtained by co ntro l l ing  the voltage on the varicap through 
the coarse and the f in e  controls of the locking un i t .  The 
magnetic f i e l d  was applied such that  frequency and f i e l d  
s a t is f y  the resonance condition to = yW . The modulation f i e l d  
was applied a t  the frequency of 270 c/s  and the frequency of the 
reference standard o s c i l la to r  was kept about 10 KC away from 
the frequency of P-K-W osci 1 la tor .  to avoid the coupling between 
the two radio frequencies. The output of the mixer a f t e r  
feeding in(;to the frequency to voltage converter gave the 
voltage proportional to the NMR frequency f .  The use of an 
external reference osci1la tor 'and  mixer ampli f ied the changes in 
f. during a f i e l d  sweep without an appreciable increase in the noise.  
The voltages proportional to the f ixed  magnetic f i e l d  H and the 
f i e l d  sweep were added and fed in to  the input of the ratiometer
6h
as voltage V^. The frequency of the P-K-W o s c i l l a t o r  was slowly 
changed around the NMR frequency and the NMR absorption de r iva t ive  
was observed on the meter of the phase sensi t ive  detector .  As 
soon as the NMR absorption der iva t ive  passed through the center,  
the center was transferred to the input of the locking unit  by 
slowly increasing the resistance between the input of the locking 
un i t  and the ground. A high value of the resistance increased 
the range of the magnetic f i e l d  sweep over which the NMR f i e l d -  
frequency r e la t io n  was maintained. The signal from the phase 
sensi t ive  detector  could be adjusted to keep the o s c i l l a t o r  
frequency locked to the resonant f i e l d  over a 506 change in 
H without appreciable  d r i f t  of the center of the NMR l in e .
When the loop gain, including that in the phase sensi t ive  detector  
and summing a m p l i f i e r ,  became large, the system became unstable.
The add it ion  of a voltage proportional to the change in f i e l d  
during a sweep permitted the system to t rack  over a 200 G range.
This range was l im ited  by the voltage region which kept the 
varicap in a l in e a r  region of the voltage -  capacitance character­
i s t i c s .  Only the l in ea r  region of the varicap charac te r is t ics  
can be used since the compensation fo r  the f i e l d  is l inear  with  
the frequency. The maximum range of the sweep w i th in  th is  l inear  
region is determined by the gain of the summing a m p l i f ie r  and the 
in te n s i ty  of the NMR l in e  a t  the output of the phase sensit ive  
detec tor .  The varicap type MV 1868 (Q, = 300) was used and was 
found to be l in e a r  over approximately 200 KC change in the frequency 
of the P-K-W o s c i l l a t o r .  The output of the ratiometer gave the
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d i re c t  p lo t  of  Knight s h i f t  cr given by
f - f o f-VH _ Vf " VH 
f o = = VH
The gain fo r  both and was adjusted to obtain any desired
level of the output a t  the beginning of each sweep. I t  was desired
to have as high a gain in the recorder as was compatible w i t h t h e
noise level to achieve maximum s e n s i t i v i t y .  Under these
conditions the s tar t ing  output level was adjusted to near zero by
adjustment of the gains of V̂ . and V^.
A c a l ib ra t io n  of the output voltage at  the recorder was 
obtained by turning o f f  the locking un it  and varying the frequency 
of the P-K-W o s c i l la to r  independent of the f i e l d .  The frequency 
of the P-K-W o s c i l la to r  was monitored by the e lec tron ic  frequency 
counter as a function of the output voltage of the ratiometer at  
constant H and thus the e n t i r e  unit,  was ca l ibra ted .
The f ie ld - frequency locked spectrometer can be converted to 
a conventional NMR spectrometer fo r  the detection of NMR absorption 
de r iva t ive  by disconnecting the locking u n i t ,  mixer, R.F. reference 
o s c i l l a t o r ,  frequency to voltage converter, and the ratiometer.
The NMR absorption der iva t ive  can be recorded on the x-y  recorder 
d i r e c t ly  as the output of  the phase-sensit ive detector a f t e r  f i e l d  
modulation and phase sensi t ive  detect ion.
M A G N IO N  
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2.  F i e l d  M o d u la t io n  de H a a s -v a n  A lp h en  S p e c t r o m e te r
32 33  34
The f i e l d  modulation dH-vA spectrometer * * was jsed for  the
measurements of amplitudes of the magnetic s u s c e p t ib i l i t y ,  the 
determination of the dH-vA period of the y -o r b i t  on the th ird  zone 
Fermi surface of aluminum, and fo r  the alignment of aluminum 
crystals [ i l l ]  axis in the d i re c t io n  of applied D.C. magnetic 
f i e l d .  The standard experimental setup is shown in Fig. 14.
When a sample with a coil  around i t ,  having the axis in the plane 
of the applied D.C. magnetic f i e l d ,  is placed in a low frequency 
modulation f i e l d ,  a voltage is induced in the c o i l .  This voltage 
consists of components due to magnetization of the sample, the 
modulation f i e l d ,  and noise. A frequency of 135 c/s was chosen 
fo r  the modulation f i e l d .  The skin depth was much larger  than 
the largest dimension of the aluminum crystal  specimen and the 
amplitude of the modulation f i e l d  was constant throughout the 
bulk of the sample. The output of the p ick up coi l  was fed into 
the same phase sensit ive  detector that  was used in the f i e l d -  
frequency locked NMR spectrometer. The fundamental modulation 
frequency was f i l t e r e d  by insert ing a twin-T a t  the input of the 
phase-sensitive detector .  The amplitude of the modulation f i e l d  
was control led by the gain of the power a m p l i f ie r  connected, 
between the audio signal generator and the modulation co i ls .  The 
modulation f i e l d  was continuously monitored on an oscilloscope 
from the voltage output of a p reca l ib ra ted  pickup coil  placed in 
between the pole pieces of the magnet. The output of the phase 
sensit ive  detector at  270 c /s  was proportional to the second
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der ivat ive  of the magnetization of the sample with respect to the 
magnetic f i e l d .  In a l l  measurements the second derivat ive  was 
recorded on an X-Y recorder.
The time dependent output voltage V(t)  of  the pickup coil  
that measures the dH-vA e f fe c t  is of the form ^
2ttF . Hk 
i n=l 1 " ' H:
V = c L  S  fi-A. Jp (— j ^ )
2irF.
x sin {— —  + /?.} cos 277n f t  ( 1)
277F i HMwhere J (------ =— ) is the Bessel function of the f i r s t  kind andn z 
H
order n, “u is a u n i t  vector along the axis of the pickup c o i l ,
is the modulation f i e l d ,  is the phase fac to r ,  F. is the
modulation frequency, and H is the applied D.C. magnetic f i e l d .
» *
The amplitudes of the various dH-vA o s c i l la t io n s  a t  the output
of the phase se ns i t ive  detector are not the inherent physical
amplitudes A i ,  but they are.modif ied by the m u lt ip l ic a t iv e  Bessel
2ttF j Hm
function fa c to r  J (----- 5— ) .  This addit ional  factor allows one ton Hz
suppress most of the dH-vA frequencies in favor of one p a r t ic u la r  
frequency. Since the second der ivat ive  was recorded in a l l  
measurements, the amplitude of dH-vA o s c i l la t io n s  for  a p a r t ic u la r  
frequency was maximized by sett ing the modulation f i e l d  to values
27TF j  h m
as calculated from the formula X  ------5—  , keeping X = 3.05 which
H
is the f i r s t  maxima.of J^CX).
The second harmonic detection attenuates the amplitudes of
2 4 _ 1
dH-vA o s c i l la t io n s  in magnetization by a factor  (P. Hq ) where 
P. is the period of the dH-vA o s c i l l a t io n s .  This can be calculated
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as follows:
The to ta l  magnetic f i e l d  H(t)  a t  the sample is the sum of 
the modulation f i e l d  a t  a p a r t ic u la r  angular frequency CO and the 
D.C. magnetic f i e l d  Hq ,
The modulation f i e l d  varies the magnetization by changing the 
phase of the sine term, and every harmonic component of the 
modulation frequency has an o s c i l la to r y  dependence on the inverse 
f i e l d  fo r  a given dH-vA period. The f i r s t  and second derivatives  
of f ( t )  are obtained as
H(t) = Hq + sin cot ( 2)
The magnetization may be w r i t ten  as
M = M0 s i n  = Mo s i n  f ( t ) (3)
where
From equation (2)





The f ( t )  is given by
= P .H(t)  = P. (H +Hm sin cot) = P.H ^  “ I T  sm ^  ^  i '  ' i ' o M i o o
The second derivati-ve of magnetization is obtained from (3) as
1 bjM _ /„ 27r » . 2 , 1 7T \ c !n
M s..2 — M - „ 2 COS ^P.H ) o bt P.H i o
• o
-  <hm r r i ) 2 “  s i " <pX >  cos 2 “ *P.H i oi o
+ (Hm — ■7r- 0)^ co2 cos2 cot sin cot , (9)
M P.H 2 i o
where the approximations used are
s ‘ n to t  .
< 7 X  H ■ > “  1I o o
* H sin cot -  H sin cot
_ J n / ^ M \ cm M / -I <-v\
Sl 'P.H H ' P.H H ' 'I O O I o o
fo r  the high values of magnetic f i e l d  Hq compared to the modulation 
f i e l d  H^. From equation (9) the signal at  the second harmonic of 
the modulation frequency is given as
[(HM — ^ j ) 2 ^  51° ( p % - ) ]  ° °s  2 W l  (11)
P.H 1 7 oI o
This shows that  the amplitude of the dH-vA o s c i l la t io n s  of period
2 k - ]p. is attenuated by the fac to r  ( P . H )  . T o  obtain thei ' ' i o
correct amplitude of the second d e r iv a t iv e  of magnetization, the
2 4 - 1observed amplitude must be m u l t ip l ie d  by (P. Hq ) fo r  each
dH-VA period P . .  Since the magnetic susceptib i1i ty X >s related
to magnetization as \  = f{ » the observed amplitude of the dH-vA
o s c i l la t io n s  in magnetization must be m ult ip l ied  by the factor  
2 3(P. Hq ) to obtain the correct amplitude of dH-vA os c i l la t ions  
in s u s c e p t ib i l i t y  in a r b i t r a r y  un i ts .
12x10
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V I. RESULTS
A. Amplitude of the o s c i l l a t o r y  Knight s h i f t  and comparison with
the theor ies.
The measurements of the f i e l d  dependent Knight s h i f t  in an
aluminum single crystal specimen fo r  the magnetic f i e l d  d i rec t ion
along the [ i l l ]  axis and in (110) plane are shown in Fig. 15.
Figure 15.a shows a point by point  measurement of a fo r  the
f i e l d  range 13920 to 14010 Gauss. The o s c i l l a to r y  behavior of
a  is obvious and the amplitude of the o s c i l la t io n s  is of the
-5order of 2.0  x 10
The measurements of o as a function of H are shown in
Figs. 1 5 (b ,c ,d ,e , f )  fo r  the f i e l d  range 14850 to 16260 Gauss
using the f ie ld - f requency  locked NMR spectrometer. The period
of the o s c i l la to ry  a  is found to  be 2 .6  x 10 ^G  ̂ which is the
same as the period of  the de Haas-van Alphen os c i l la t io n s  in
the magnetization fo r  the same aluminum c ry s ta l .  The os c i l la t io n s
in the magnetization a r is e  from the y o r b i t s  on the th i rd  zone
23
electron surface of aluminum. This shows that the os c i l la t io n s
in the Knight s h i f t  a lso a r is e  from the Y~o rb i ts .  The amplitude
~  . -5
of a is found to be 2.15 ± 0 . 2 5  x 10 . This is independent of
the magnetic f i e l d  in the range of 14850 to 16260 Gauss. The 
sweep rate of the magnetic f i e l d  does not a f f e c t  the amplitude of 
a as shown fo r  the f i e l d  range of 15860 -  15960 Gauss. The 
average Knight s h i f t  is found to  be 0.162 per cent using the 
AlCl^ solution as a reference compound.
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The amplitudes of the paramagnetic and diamagnetic components
5
of the o s c i l l a to r y  Knight s h i f t  using Stephen's theory are 
calculated from the following expressions:
a = a  + a 
P P
2
i.^/N\ ^o * / I m vjf q ii e; \ /__o 7T\- % ( v) £ kT ( Vf) PpV n( m ) cosC-p^pj- k )
a   ---------------2--------------  ° £ ! ----------------------------- .— I- 2--------- ( ! )
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s,nh(] I*H>
where 1(1) = 0 .3 .  In the ca lcu lat ions ,  the e f fe c t iv e  mass mw of 
the electrons in the y -o rb i ts  is taken to be 0.15 mQ and is 
the e f f e c t iv e  Bohr magneton fo r  the same electrons. The value 
of the e lectron  p ro b a b i l i ty  density (PpV) a t  the s i t e  of the 
nucleus is calculated from the formula
°  = y  Xp ( p fv) . (3)
where cr is equal to 0.162 per cent. The paramagnetic suscepti­
b i l i t y  Xp *s calculated from the expression; 
n
The value of y is known from the experimental data of  Howling, c
28
Mendoza and Zimmerman and the value of Xp is determined to  be 
-61.86 x 10 c. g. s. -vol. u n i ts .  A f te r  subst i tu t ion  of  the values
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of Xp ancl cr, in Eq. (3) gives the value of the factor  (PpV) as
1.068  x 102 .
The value of the c a r r ie r  density (|j) of the y -o rb i ts  is
19calculated from the expression fo r  the o s c i l l a to r y  magnetic 
suscepti b i 1i ty
t j.
~  N 37rkT̂ o2 . , m \  sin(27Tv/H-a)
x = v cos(->  (5)
°  s 1 n n  *H
ijt2 kJ
under the approximation — — < 1  a t  low temperatures and high 
magnetic f i e l d s .  The amplitude of x  is
r a  -  v  (6 )2H
where the experimentally determined value of |x| a t  H = 14860
-8Gauss is 2.0 x 10 c. g. s. vo l .  un i ts .  This is obtained from
the c a l ib ra t io n  curves of s u s c e p t ib i l i t y  as shown in Fig. 6.
£
The fac to r  (— §) is equal to 2v, where v is the de Haas-van Alphen
frequency of o s c i l la t io n s  ar is ing  from the y - o r b i t s .  The
7
experimentally determined value of 2v is 1.30 x 10 Gauss. The 
subst i tu t ion of a i l  the known values of the quant i t ies  in 
Eq. (^) gives the c a r r ie r  density.
|  = 0.942 x 10+20/cm3




|Spl “ T  (J2) 372 M0*
* 2
|ad | “  y  ( - j ^ — ) 1(1) , where 1(1) = 0.3
(7)
and found to be
|a | “  5 .^  x 10  ̂
P
(%< i ■ ■  6
od | “ 5 .2  x 10
The experimentally observed amplitude of o is in good agreement 
with the ca lcu lated value of I o I . This shows that the m ul t i -1 p'
p l ic a t io n  of the a term by the fac to r  (P_V) is necessary. The
P r
approximation of (PpV) = 1 in Stephen's ca lcu la t ions ,  under­
estimates the amplitude a by a fac to r  of 100. The r a t io  of
P
the amplitudes op and is of the order of 10 which indicates
that most of the contr ibut ion to the o s c i l la to ry  Knight s h i f t  is
from the paramagnetic term crp and the diamagnetic term's
contr ibution is qu ite  small.
The amplitude of a  is also calculated using the Dogopolov and 
. 6Bysterik  expression
m0h .
a | = c 7 ° p
-2where a = 0.162 x 10 and £ = 9.359 ev fo r  aluminum. The
 ̂ ~  -8  value of |o| is found to be 1.2 x 10 fo r  the f i e l d  value of
15 KG.
i
The magnetization of the sample a lso contributes to the 
amplitude of the o s c i l la to ry  Knight s h i f t .  This contr ibution can 
be calculated by using the expression fo r  the Knight s h i f t
B -  B
The contr ibution of the magnetization to  Ja| is
%  AM
H + % M  o
This is found to contr ibute about 1 per cent to |a| around 
15000 Gauss.
The results are summaried in the fo l lowing table:
Theory ampli tude 
-5|ct | =“ 5 . ^ .x  10






f t 5 .2  x 10
-6
1.2 x 10-8
~ l / 5
-1/2000
B. Wave f u n c t i o n  ampl i tudes o f  the e le c t ro n s  in the y - o r b i t s  on
the th i rd  zone e lectron surface of aluminum
In order to  determine the r a t io  of the average e lectron wave 
<W°) IEp^OAV
function squared------------- x  fo r  the Y -o rb i ts ,  the Eq. (23)
<l0(°)IEp^AV
of chapter l l . b  is used which is given.as
a .  POSC < l * ° ) | i F >MM ( , )
a p <I«°)IIf>av
*0where the r a t i o —̂  has been replaced by the r a t io  of the density  
of states .  The average of density of states p for  the aluminum 
: is determined from the following expression
3ce _ 3Vc ( )
P 27T2 k2 T 2ff2 k2
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by using the e le c t ro n ic  spec i f ic  heat data of Howling et a l .
- U  -1 -2
The value of y  = 3 .27 x 10 ca l .  mole deg. , The c
subst i tu t ion of the values of the Boltzmann constant k,
T = l . l ° K  in to  the expression for  p gives
p = 1.402 x 1033 . (3)
The Eq. (18) of  Chapter l l . b  is used to ca lculate  the 
o s c i l la to ry  density  of s tates.  The amplitude is m u lt ip l ied  by 
a factor  of s ix  to account fo r  the s ix  degenerate y -o rb i ts  ^3 
along the [111]  axis  of the c ry s ta l :
a 2a i (o)
where y l = ^ ------- - -----  and is determined from the expression of
bkz
magnetic s u s c e p t ib i l i t y
~  ■ 3kT /__e\ 3/2  ( ? \  _ ]__  S * nH P  “ tt> , - 2 ff2kXN
x “ i  i  ^c^ ( u ^  3 /2  2. _ exp( u *H  ̂ ^
Y 77̂  H^' ■ , / TT kTv ^os i n h ( VfH)
1*0
as derived Eq. (18) in Chapter l l . b .  In order to obtain the 
_x
value of Y ' 2 , 50 f i e l d  values and the corresponding s u s c e p t ib i l i ty
amplitudes were determined from the Figs. (6) and ( 7 ) .  These
v a l u e s  w e r e  p u n c h e d  o n  t h e  c o m p u t e r  c a r d s  f o r  t h e  n o n  l i n e a r
least  squares f i t  into the expression ( 5 ) .  The value of X was
assumed to be 0 .8  and v is the de Haas-van Alphen frequency of
o s c i l l a t i o n s  a r i s i n g  f r o m  t h e  ' Y - o r b i t s .  T h e  p h a s e  f a c t o r  o ' w a s
kept as a running var iab le .  The value of y 12 is found to be
2 6 . 0  f o r  t h e  v a l u e  o f  a  = 3 5 °  a n d  t h e  g o o d n e s s  o f  d a t a  f i t t i n g
is 99.92 per cent.  To check the e f f e c t  of the value of the
Dingle factor  on the value of y 1 > value of X was changed to
i.
0 . 9  a n d  n o  s i g n i f i c a n t  c h a n g e  w a s  f o u n d  i n  t h e  v a l u e  o f  y , 2 »
The subst i tu t ion of the values of y |2 an£i other known quantit ies  
in the expression (4) gives
80
= 11.53 x 10"3
The subst i tu t ion  of the |o| = 2.15 x 10"3 , a = 0.162% and 
= 11.53 x 10~3 into the Eq. (1) gives
H
< |0(°)|2E >0AV
— — ----------- =  M 5
<|j/)(0) I
for  the magnetic f i e l d  along the [111] axis and in the (110) plane 
of the aluminum c r y s ta l .  This shows that  the value of the wave 
function squared of the electrons averaged over the y o r b i t s  is 
15 per cent more as compared to those averaged over the whole 
Fermi surface of aluminum. There is no theoret ical  ca lcu la t ion  
ava i lab le  to compare the resu lts .
\
V I I .  CONCLUSIONS
The measurements of the f i e l d  dependent Knight s h i f t  and the 
de Haas-van Aiphen o s c i l la t io n s  in the magnetization on the same 
sample of aluminum show that  the Knight s h i f t  o s c i l la te s  with the 
dH-vA frequency of o s c i l la t io n s  in magnetization. The period of
_ 7 _ 1
o s c i l la t io n s  is 2 .6  x 10 6 and the o s c i l la t io n s  a r is e  from the
23y - o r b i t s  on the th i rd  zone e lectron surface of aluminum. The
13use of the f ie ld - f requency  locked NMR spectrometer f o r  the 
measurements of the Knight s h i f t  has demonstrated that the Knight 
s h i f t  can be recorded continuously as a function of the applied  
magnetic f i e l d .  The measured amplitude of the o s c i l l a t o r y  Knight 
s h i f t  is 2.15  ±  0.25 x 10 "* which is independent of the applied 
magnetic f i e l d  in the range of 14850 to 16260 Gauss. The 
amplitude of the o s c i l l a to r y  magnetic s u s c e p t ib i l i t y  increases 
w ith  the increase in the magnetic f i e l d .  This shows th a t  there is 
no l in e a r  re la t ionship  between the amplitudes of the o s c i l l a to r y  
Knight s h i f t  and the magnetic s u s c e p t ib i l i ty .  The considerat ion  
of the conduction e lectron p ro b ab i l i ty  density Pp a t  the s i te  of  
the nucleus is important in the calculations of the paramagnetic 
pa rt  of the o s c i l l a to r y  Knight s h i f t .  Stephen"* has assumed (PpV) =1 
and th is  underestimates the amplitude of the paramagnetic term by 
a fa c to r  of 100. The value of (PpV) is ca lculated fo r  the aluminum 
by using the spin s u s c e p t ib i l i t y  Xp an£* the average Knight s h i f t .
The paramagnetic term of the o s c i l la to ry  Knight s h i f t  is 
m u lt ip l ie d  by (PpV) and the measured amplitude is found to d i f f e r
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from the th e o re t ic a l ly  calculated resu lt  only by a factor  of two.
The comparison of the observed amplitude with the amplitudes of
the paramagnetic and the diamagnetic terms shows that mostly the
contr ibution to a  is from the paramagnetic term. The equation
which re lates the low temperature e le c t ro n ic  spec i f ic  heat
constant y c with the spin s u s c e p t ib i l i t y  Xp is based upon the
one e lectron approximation and the c o r re la t io n ,  exchange e f fec ts
on the Xp have been neglected. Further Stephen has not considered
2the f i e l d  dependence of ( ( 0 (0 )  in his theory. These
F
assumptions and approximations might be responsible fo r  the 
discrepancy between the observed and theoret ica l  amplitudes.
The s-character of the e lectron wave functions averaged over the 
y -o rb i ts  is found to be 15 per cent more as compared to the 
electron wave functions averaged over the whole Fermi surface of 
aluminum. These is no theoret ica l  ca lcu la t ion  of th is  type 






I = J* exp{i't[j3a1(0)-yn", Et1+i3Y, l<z2]}dkz
In the integral
+co o 1
J exp[ i (a+bx ) ]dx = ( ^ )2 exp[i (a-^ -) ]
mm 00
set a = (0 )-«Ifi ^Et^; b =
The integral 1 is ,  then
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APPENDIX II  
Evaluation of the integral
+°° . E 00 j  i
I = J* [ l + e x p ( - ^ ) ] _ j' 2  ( - 1 )  <t‘ :i(^Y, ) " 2cos('t(^a1( 0 ) -  
9 Kl o «fc=l 1
-  | }  dE'dE
= Re j - ^ H e x p ^ ) ] - '  J- £  ( -1 )  V ^ y ' ) 4
O o  ir=-\
e x p f i W i S a ^ O j - ^ ’ E t , )  -  -£}dE'dE
= Re 2  ( - l ) ' e,'t"2 (j3Y, ) ’"2exp{i[ 't j3a1(0) -  t 33 
<t=l
00 E
x J* [ l+exp(-^^) ]"  ̂ J  exp{-i'6ft ^E’ t^JdE'dE
0 o
Now
j  e x p [ - \ l f ] Ei t ] } 6Ei  ---------------  [exp{- i-tft"1 E t . }-1 3
o i£ft t j
The integral on the r ight  hand side is
12  -------- 1]—  J d +ex p (-^? )  3” 1[exp{- i ' tA"1Et] } - l3dE
1 i,fi t  ̂ o
00
= ~ - — 7 j—  J [ l+exp(“ ?) 3~1 exp£-i-6*"111 }dE 
t j  o
+7rir>7'f [i+exp^)]''dEi i ,n  t ,  o
1 8k
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The second integral  on the r igh t  hand side is
f  ---------- ]- !T F -  dE (2 )
o l+exp(-^j£)
where-------  —=-p- is the Fermi-Dirac d is t r ib u t io n  function f (E ,T )
l+exp(- j^ )
When T is s u f f i c i e n t l y  small ,  f (E ,T )  is e f f e c t i v e ly  unity  
for  E <  £ and p r a c t i c a l l y  zero fo r  E >  £.  As an approximation 
we can therefore put
f(E ,T )  = 1  fo r  E £ C 
f (E ,T )  = 0 fo r  E £ C
The integral (2) becomes
C 00




Since we are measuring energies from the Fermi energy i .e ,  
C -  0.
The f i r s t  in tegra l  on the r igh t  hand side of (1) is
00 w J
 ^ — J* [l+exp(-jj^r») ]e x p {- Et j  }dE
i&h t j  o
Integrat ing by parts
c f  .1  exp{ i £ / f ' Et, } 
[R exp  ( | = £ ) ]  1  r f — J -
kT ( i-Cft"’ 1 t j ) 2
expC- i l t i "   ̂Et, }exp(-^jr“)
— — q — 2 / --------------------- m ------------- dEk T ( U *  ,t ])Z o [ 1+exp(|=£)]2
( i W Xt ^ 2 ( i ^ t ^ k T
00 expC-i I t i  ' Et j }exp(-|ljr*)
dE
When T is s u f f i c i e n t l y  small,  the f i r s t  term is ne g l ig ib le ,  
The remaining term in (3) is
1 *  exp{-i'Lfc“ 1Et1}exp(-j=^) ^
 !------------  I*   ;-L _
( i I t i  ' t ^ k T  o [ l + e x p ( - ^ ) ] 2
Let &  = x  kT 
00 exp{-i£ft • t ,  (C+kTx) }exp(x)
T 7 7 T T T 2  J"'____    V 75---------------- d*( i I t T  t | )  - £ /k T  {l+expCx)}'
j oo exp(-i£A ^£t j )exp(l- i<£^ ^t^kT)x
( l f t - ’ t , ) 2 ^ -C/kT { l+exp(x) }2
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e x p ( - i t h  00 exP x ^ k T )
 —j------5----- r --------------------------5-------  dx
( * * "  t j T  -C/kT { l+exp(x) }
When T is s u f f i c i e n t l y  small £/kT -♦ 00
e x p ( - i i>h ^£ t , )  +0° exp[x ( l - i£ f t  ^ t ,k T ) ]
= -  — r .— 5- 1-  r -------------------------- —  dx
t j )  - 00 { l+exp(x )}
Let exp(x) = t  ; -b t i  ^t^kT. = 6
e x p M ^ ^ g t p  -  exp(i6)  
Ow"1^ ) 2 o ( 1 + t ) 2
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S i nee
J  - Xp- ~ ? dt = ( i 6) 1 ( -  i6) 1 
o ( l + t ) Z
( i 6 J I (— i 6) 1 = - r  ff6sinh(nT6) 
1:exp(-i£rt" £ t j )  t^kT
('L/f^t^) sinh(Tr<tA ^tjkT)
Since we are measuring energies from the Fermi energy, then:
fffcft-'t.kT
| — _     — '    ------
( £ / f ^ t j ) 2 sinh(7Ttft ^tjkT)
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